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Abstract
We provide a ring-theoretic criterion of steadiness which applies to all regular semiartinian rings
with primitive factors artinian.
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0. Introduction
In the 60’s, Hyman Bass remarked that the covariant functor Hom(M,−) commutes
with direct sums if and only if the module M is not a union of a countably infinite increas-
ing chain of proper submodules [2]. Such a module has been known and studied under
various terms (Σ -compact, of type Σ , U -compact). We called it dually slender according
to [4]. As the functor Hom(M,−) is well known to commute with direct sums for each
finitely generated module M , every finitely generated module is dually slender. Although
the class of all finitely generated modules coincides with the class of all dually slender ones
for some important classes of rings (such as right neotherian or perfect rings), several con-
structions of dually slender modules that are not finitely generated were described. In fact,
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infinitely generated dually slender (right) ideals [4,7,9], constructions of a directed system
of (right) ideals whose direct limit is an infinitely generated dually slender module [10,12]
and constructions of rings over which all injective modules (obviously including infinitely
generated ones) are dually slender [3,8].
A general ring-theoretical characterization of rings over which there does not exist any
infinitely generated dually slender right module, i.e., of right steady rings is still not done.
As we have noted, the question is solved only for some classes of rings. In the present
paper, we focus on the class of all regular semiartinian rings with primitive factors artinian
(for basic properties concerning this class of rings see [1,6,7,11]). The examples appeared
in paper [4] show that the classes of both steady and nonsteady semiartinian regular rings
are nonempty. And it is proved in [7, Theorem 3.4.] that a semiartinian abelian regular
ring R is steady if and only if no factor of R contains an infinitely generated dually slender
ideal. The present work generalizes this characterization for regular semiartinian rings with
primitive factors artinian.
Using the notion of a homogeneous ideal and Kaplansky’s idea concerning regular rings
with primitive factors artinian [5, Theorem 7.14] we show that the structure of a nonsteady
regular semiartinian ring with primitive factors artinian is not far from the structure of
an abelian regular semiartinian ring (Proposition 2.7 and Theorem 2.8). Namely, we find
“enough” central idempotents in a suitable factor of every nonsteady ring which generate
an infinitely generated dually slender ideal (Lemma 3.3). This allows to generalize the
proof of the characterization of steadiness which is done in [7, Lemmas 3.1-3.]. Finally,
Theorem 3.5 says that a regular semiartinian ring with primitive factors artinian is right
steady if and only if no factor of the ring contains any infinitely generated dually slender
right (left) ideal.
In the sequel, a ring means an associative ring with unit and a module is a right module.
A ring R is (von Neumann) regular provided that each x ∈ R has a pseudo-inverse element
(i.e., there is a y ∈ R satisfying xyx = x). A regular ring R is abelian regular if all
idempotents of R are central. Define by induction the Loewy chain of a module M : M0 = 0,
Mα+1/Mα = Soc(M/Mα) and Mα =⋃β<α Mβ for a limit ordinal α. The Loewy length
is the least ordinal σ such that Mσ = Mσ+1. We say that M is semiartinian if M = Mσ ,
i.e., if each nonzero factor-module of M contains a simple submodule. Recall that a ring
R is right semiartinian if RR is a semiartinian module. A primitive factor of a ring is a
factor modulo the annihilator of a simple module. A submodule N ⊆ M is essential in M if
N ∩ K = 0 for every nonzero submodule K ⊆ M . Denote by gen(M) the least cardinality
of a set of generators of M . Note that we identify cardinals with the least ordinals of the
given cardinality.
Finally, the term ideal means a two-sided ideal. We say that an ideal is finitely (or
infinitely) generated if it is finitely (or infinitely) generated as a two-sided ideal.
1. Dually slender modules
We start this section by recalling some general facts concerning dually slender modules
and steady rings.
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(1) The class of all dually slender modules contains all finitely generated ones and it is
closed under taking homomorphic images, extensions and finite sums.
(2) The class of all right steady rings is closed under taking homomorphic images and
finite direct products.
(3) Every countably generated dually slender module is finitely generated.
Proof. (1) See [3, Corollary 1.2].
(2) See [3, Lemmas 1.9 and 2.1].
(3) See [8, Lemma 1.2]. 
It is well known (see, for example, [5, Chapter 6]) that both the class of all regu-
lar semiartinian rings and the class of all rings with primitive factors artinian are closed
under taking homomorphic images and finite direct products. Hence the assertion of The-
orem 1.1(2) is also true for the class of all right steady regular rings with primitive factors
artinian.
Notation. According to [7] we denote byR the class of all regular semiartinian rings with
primitive factors artinian. Recall that every right module over a right semiartinian ring is
semiartinian. Take a ring R ∈R and let L = (Sα | α  σ + 1) be the right Loewy chain
of R. Recall that for each α  σ there are a cardinal λα , positive integers nαβ , β < λα , and
skew-fields Kαβ , β < λα , such that Sα+1/Sα ∼=⊕β<λα Mnαβ (Kαβ) (as rings without unit).
The pre-image of Mnαβ (Kαβ) coincides with the βth homogeneous component of R/Sα
and it is finitely generated as right R/Sα-module for all β < λα (cf. [7, Theorem 2.1]). The
system D(R) = {(λα, {(nαβ,Kαβ) | β < λα}) | α  σ } is called the dimension sequence of
the ring R.
Finally, note that each primitive factor of R is isomorphic to a matrix ring over a skew-
field and so the set of all primitive ideals coincides with the set of all maximal ideals (cf.
[7, Proposition 2.6]).
Lemma 1.2. Let R ∈R and let M be an R-module. Then M = 0 if and only if MI = M
for every maximal ideal I (cf. [5, Lemma 6.14]).
Proof. If M = 0, there exists a simple module S ⊆ M . Then I = Ann(S) is a maximal
ideal. Since R is regular, MI ∩ S = 0. Thus MI = M . 
Lemma 1.3. Let R ∈R and let M be a dually slender R-module. Then M/MI is a finitely
generated semisimple module for every maximal ideal I .
Proof. M/MI is a dually slender module over a semisimple ring R/I . Hence M/MI is
semisimple and dually slender and so it is a finitely generated module. 
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i(J )) as the supremum of the indexes of all nilpotent elements x ∈ J , i.e., of all minimal
natural numbers n such that xn = 0.
Obviously, i(S) i(R) whenever S is either a subring or an ideal of R. Let us remark
that the index of a matrix ring Mn(T ), where T is an abelian regular ring, is equal to n.
Moreover, i(
∏
α<κ Rα) = sup{i(Rα) | α < κ} for any arbitrary system of rings Rα , α < κ .
Notation. Let M be a module and J ⊆M(R) whereM(R) denotes the set of all maximal
ideals of R. Denote by πJM :M →
∏
I∈J M/MI the product of the natural projections
πI :M → M/MI . Note that the ring-homomorphism πJR maps R/
⋂
I∈J I ∼= πJR(R)
into the ring
∏
I∈J R/I . Moreover, πJM(M) is a right πJR(R)-module. Put In ={I ∈M(R) | i(R/I) = n}, pnM = πInM and πn = πInR . Since R is a semiartinian ring
with primitive factors artinian, M(R) =⋃n<ω In. Finally, note that πnM(M) has a natu-
rally defined structure of πn(R)-module.
Lemma 1.4. Let R ∈R.
(1) Let D = {(λα, {(nαβ,Kαβ) | β < λα}) | α  σ } be a dimension sequence of the ring R.
Then i(R) = sup{n0β | β < λ0}.
(2) If πn(R) = 0, then i(πn(R)) = n.
Proof. (1) By [5, Proposition 7.7. and Corollary 7.8] the index of Soc(R) is equal to
sup{n0β | β < λ0}. As Soc(R) is essential in R, i(R) = i(Soc(R)) = sup{n0β | β < λ0}
by [5, Corollary 7.5].
(2) Obviously, i(πn(R)) n. Since there exists an ideal I ∈ In such that the homomor-
phism πI :R → R/I is onto, the reverse inequality holds true. 
Proposition 1.5. If R ∈R is not a right steady ring, there exists an ideal K and an integer
n such that i(R/K) = n and R/K is not right steady.
Proof. Let M be a dually slender module. Assume that pnM(M) is a finitely generated
πn(R)-module for every n. Then there exist finitely generated submodules Fn ⊆ M , n < ω,
such that pnM(Fn) = pnM(M). Hence πI (M/∑n<ω Fn) = 0 for every I ∈M(R) and
M =∑n<ω Fn by Lemma 1.2. We have proved that gen(M) ω. As M is a dually slender
module, it is finitely generated by Theorem 1.1(3). Thus there exists an n such that pnM(M)
is an infinitely generated dually slender πn(R)-module whenever M is infinitely generated.
Finally, note that i(πn(R)) = n by Lemma 1.4(2) and put K = Kerπn. 
2. 2-Dually slender ideals
An ideal J is said to be 2-dually slender provided J is not a union of a countably
infinite strictly increasing chain of ideals, i.e., J =⋃n<ω Jn implies there exists an n such
that Jn = J for every increasing chain of ideals Jn, n < ω, contained in J .
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two-sided ideals for every 2-dually slender ideal J has the same properties as the lattice of
all submodules of a dually slender module.
Lemma 2.1. Let J be a 2-dually slender ideal of a ring R.
(1) Let S be a ring and π :R → S be a surjective homomorphism of rings. Then π(J ) is a
2-dually slender ideal of S.
(2) Let J be countably generated as a two-sided ideal. Then J is finitely generated as a
two-sided ideal.
Proof. (1) Let π(J ) =⋃n<ω Kn for an increasing chain of ideals Kn, n < ω. Then J =
J ∩ (⋃n<ω π−1(Kn)) =
⋃
n<ω(J ∩π−1(Kn)). As J is 2-dually slender, J = J ∩π−1(Kn)
for some n, hence π(J ) = Kn.
(2) Let {ji | i < ω} be a set of generators of J . Since J =⋃n<ω
∑
in RjiR, we get
that J =∑in RjiR for a suitable n, i.e., J is a finitely generated ideal. 
Lemma 2.2. Let J be an ideal generated by central elements. Then the following conditions
are equivalent:
(1) J is 2-dually slender.
(2) J is dually slender as a right ideal.
(3) J is dually slender as a left ideal.
Proof. An easy exercise. 
In the sequel, we investigate basic properties of 2-dually slender ideals of rings belong-
ing to the class R. It is well known that every finitely generated ideal of a regular ring
is generated by one (idempotent) element. Therefore we focus our attention on infinitely
generated 2-dually slender ideals.
Lemma 2.3. Let R ∈R and let J be an infinitely generated 2-dually slender ideal. Then
there exists a natural number n such that πn(J ) is an infinitely generated 2-dually slender
ideal.
Proof. The proof works similarly as the proof of Proposition 1.5. If πn(J ) was finitely gen-
erated for every n < ω, J would be countably generated, hence by Lemma 2.1(2) J would
be finitely generated which contradicts the hypothesis. 
An ideal J is said to be homogeneous of index n provided that for every I ∈M(R) the
ideal πI (J ) is either isomorphic to a matrix ring Mn(K) for a suitable skew-field K or it
is equal to zero. We say that J is homogeneous if there exists a natural number n such that
J is homogeneous of index n.
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natural number. Then A is a homogeneous ideal of index n if and only if both B and A/B
are homogeneous ideals of index n.
Proof. Note that (A/B)/(A/B)I = (A/B)/(AI + B/B) ∼= A/(AI + B) and B/BI =
B/(B ∩ AI) ∼= (B + AI)/AI for every I ∈M(R). From this immediately follows the
direct implication. Since (B + AI)/AI is an ideal of R/AI contained in A/AI and AI is
a maximal ideal in A, the reverse implication holds true. 
The following lemma generalizes the idea of the proof of [5, Theorem 7.14].
Lemma 2.5. Let R ∈R, J a homogeneous ideal and x ∈ J . Then RxR is generated by a
central idempotent.
Proof. Fix an element x ∈ J and put n = i(J ). Note that RxR is homogeneous by
Lemma 2.4.
Let us first suppose that there exist elements e, y, ri, si , gij ∈ R for i, j  n such that




rixsi, ey = x, ee = e,
∑
in
gii = e, gij gjl = gil, gjj gkk = 0
whenever j = k. Obviously, e is an idempotent and ReR = RxR. We need to prove that e
is a central element.
Fix an I ∈M(R) and suppose πI (e) = 0. Then there exists an i such that πI (gii) = 0.
Moreover, πI (gjj ) = 0 as well, since gii = gij gjj gji , for every j . As {πI (gii) | i  n}
forms an orthogonal set of nonzero idempotents, πI (e) is an idempotent matrix of rank n.
Hence it is the identity matrix, i.e., a central idempotent. The element 0 is a central idem-
potent as well, so all πI (e), I ∈M(R), are central idempotents generating πI (RxR).
Let us consider the ring homomorphism π :R →∏I∈M(R) R/I defined by the formula
π(r) = (πI (r) | I ∈M(R)). As Kerπ = 0 by Lemma 1.2, e is central if π(e) is central,
which is true since πI (e) is central for every I ∈M(R). We have proved that e is a central
idempotent generating the ideal RxR.
It remains to solve the system of equations. According to [5, Lemma 6.9] it suffices
to solve the equations in all primitive factors. The element πI (x) is either equal to zero
or πI (x) is a nonzero element of a ring of matrices of the size precisely equal to n over
a skew-field, I ∈M(R). Since the system of the equations is easily solvable in both the
cases we get the required central idempotent. 
Lemma 2.6. Let n be a natural number and let J be an ideal of a ring R ∈R. Suppose
that πj (J ) = 0 whenever j = n. Then J is homogeneous of index n.
Proof. Take an arbitrary maximal ideal I ∈M(R). Suppose that πI (J ) is nonzero, i.e.,
πI (J ) = R/I and put k = i(R/I). Note that as the module πI (J ) is a nonzero subfac-
tor of πk(J ), πk(J ) = 0. By the premise we get that k = n, so J is homogeneous of
index n. 
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Then there exists a factor ring S of R (denote the natural projection R → S by p) such
that p(J ) is an infinitely generated 2-dually slender homogeneous ideal.
Proof. By Lemma 2.3 there exists a natural number n such that πn(J ) is an infinitely
generated ideal. Take n minimal. Then i(πn(R)) = n by Lemma 1.4(2). Now, πj (J ) is a
finitely (in fact one-) generated ideal for every j < n, hence there exists an element y ∈ J
such that πj (J ) = πj (RyR) for each j < n. Thus the ring S = πn(R/RyR) contains the
infinitely generated ideal K = πn(J/RyR) which is 2-dually slender by Lemma 2.1(1).
Moreover, pjS(S) = 0 and so pjS(K) = 0 if j > n because i(S) n. Finally, pjS(K) = 0
if j < n, since πj (J ) = πj (RyR). Applying Lemma 2.6 we obtain the required result. 
Theorem 2.8. Let R be a regular semiartinian ring with primitive factors artinian such that
at least one factor of R contains an infinitely generated 2-dually slender ideal. Then R is
neither right nor left steady. Moreover, there exists a factor of R containing an infinitely
generated dually slender right (left) ideal.
Proof. By Proposition 2.7 there exists a factor ring S of R containing an infinitely gener-
ated 2-dually slender ideal J which is generated by central idempotents. From Lemma 2.2
it follows that J is infinitely generated and dually slender as both a right and a left
ideal. 
3. Steadiness
Let us first recall and extend [7, Definition 2.7]. Let L= (Sα | α  σ + 1) be the right
Loewy chain of R and let M ∈ ModR. Let P = {Pαβ | α  σ, β < λα} be a representative
set of the isomorphism classes of all simple modules.
(1) For each α  σ , MSα+1/MSα is called the αth slice of M .
(2) An ordinal α is said to be the height of M (denote it by hR(M)) if it is the minimal
α  σ + 1 such that MSα = M .
(3) M is said to be saturated provided that Pαβ is a subfactor of M for all α < hR(M) and
all β < λα . Let J be an ideal. Then M is said to be J -saturated if Pαβ is a subfactor
of M for those α < hR(M) and β < λα for which Pαβ is a subfactor of J .
Suppose (Jα | α  ρ) is the right Loewy chain of an ideal J . Note that by regularity
Jα = J ∩ Sα = JSα , i.e., the αth slice of J is isomorphic to Jα+1/Jα . Moreover, the α-
slice of any module MJ is isomorphic to MJα+1/MJα .
Lemma 3.1. Let R ∈R be of uncountable socle length. Let I be the class of all infinitely
generated dually slender modules. Assume I = ∅ and take M ∈ I such that the ordinal
hR¯(M) is minimal, where R¯ = R/AnnR(M). Then hR¯(M) is a limit ordinal of cofinal-
ity  ω1.
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Lemma 3.2. Let R ∈R, M , a dually slender module and J , an ideal such that M = MJ .
Suppose that M is J -saturated. Then J is 2-dually slender.
Proof. Let J =⋃n<ω In for an increasing chain of ideals In. We will follow the proof of
[7, Lemma 3.3] where we replace Sρ by J .
As M = MJ =⋃n<ω MIn is dually slender, there exists an m<ω such that MIm = M .
By [7, Proposition 2.6], if Im = J then there are α < hR(M) and β < λα such that Im ⊆
Ann(Pαβ) and Pαβ is a subfactor of J . Moreover, Pαβ is not a subfactor of M by [7, Lem-
ma 2.8(i)] which contradicts the assumption of M being J -saturated. Hence Im = J . 
Lemma 3.3. Suppose that R ∈ R is not right steady. Then there exist a factor S of the
ring R, an infinitely generated dually slender S-module M and a homogeneous ideal J ⊆ S
such that MJ = M .
Proof. Fix an infinitely generated dually slender module M such that the ordinal σ =
hR¯(M) is minimal, where R¯ = R/AnnR(M). By Proposition 1.5 we may suppose that
R is of a bounded index and R¯ = R. Denote by L the σ th member of the Loewy chain
of R. Then ML = M . Take a minimal n such that pnM(M) is an infinitely generated
module. We may suppose that pkM(M) = 0 for every k < n. Indeed, since pkM(M) is
finitely generated for every k < n, there exists a finitely generated module F such that
pkM(M) = pkM(F ), hence pkM/F (M/F) = 0 for every k < n. As pnM(M) is a πn(R)-
module we may replace the module M by pnM(M) and the ring R by πn(R). Clearly,
i(R) = n. Put J = L ∩ (⋂k<n Kerπk).
Note that πk(R) = 0 for every k  n and πk(J ) = 0 for every k < n. Thus the ideal
J is homogeneous of index n by Lemma 2.6. Moreover, Soc(L/J ) contains no ho-
mogeneous component of index n by Lemma 2.4. Hence i(Soc(L/J )) < n. Applying
[5, Corollary 7.5] we get i(L/J ) = i(Soc(L/J )) < n. Put M¯ = M/MJ and L¯ = L/J . As
i(L¯) < n, pnR/J (L¯) = 0. Thus pnM¯(M¯) = pnM¯(M¯L¯) = pnM¯(M¯)πnR/J (L¯) = 0. More-
over, pkM¯(M¯L¯) = 0 for each k < n, hence M¯ = 0 and M = MJ . Recall that J is homoge-
neous which finishes the proof. 
Lemma 3.4. Assume R ∈ R is not right steady. Then there exist a factor ring S of R,
an infinitely generated ideal J ⊆ S and a J -saturated infinitely generated dually slender
S-module M such that MJ = M .
Proof. By Lemma 3.3 there exists an infinitely generated dually slender S-module M and
a homogeneous ideal J ⊆ S such that MJ = M where S is a suitable factor-ring of R.
Moreover, we may suppose that Ann(M) = 0 and that the height of M (and so, the Loewy
length of J ) is minimal. Denote it by ρ. Let (Jα | α  ρ) be the right Loewy chain of J .
Since J is homogeneous, every central idempotent generating a homogeneous component
modulo Jα can be lifted to a central idempotent by Lemma 2.5. Now, following the proof
of [7, Lemma 3.2] we show by induction on α < ρ that a simple module P embeds into
the αth slice of M if P embeds into J/Jα .
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Soc(M) contains a copy of each simple module P ⊆ J0 = Soc(J ) and the assertion is true
for α = 0.
Take 0 < α < ρ and assume that a simple submodule P of the αth slice of J does not
embed into the αth slice of M . We have proved that there is a central idempotent e ∈ R
such that e + Jα generates homogeneous component corresponding to P .
If α is nonlimit, we apply [7, Proposition 2.6] to get that M ′ = (M/MJα−1)e is a dually
slender submodule of the (α − 1)th slice of M . As M ′ is finitely generated, there is an
idempotent f ∈ Jα such that M ′f = M ′. Thus Me(1 − f )R ⊆ MJα−1. By the induction
premise for α − 1 and by [7, Proposition 2.6], we get e(1 − f ) ∈ Jα−1, whence e ∈ Jα ,
a contradiction.
If α is a limit ordinal, we have Me ⊆ MJα , whence Me = MeJα . Since Me is dually
slender, the minimality assumption implies that Me is finitely generated, so Me ⊆ MJγ
for some γ < α. By the induction premise for γ and by [7, Proposition 2.6], we get e ∈ Jγ ,
a contradiction. 
Theorem 3.5. Let R ∈R. Then the following conditions are equivalent:
(i) R is not right steady;
(ii) R is not left steady;
(iii) There exists an infinitely generated (as a two-sided ideal) 2-dually slender ideal of a
suitable factor-ring of R;
(iv) There exists an infinitely generated dually slender right ideal of a suitable factor-ring
of R;
(v) There exists an infinitely generated dually slender left ideal of a suitable factor-ring
of R.
Proof. The condition (iii) is left–right symmetric, therefore it suffices to prove the equiv-
alence of conditions (i), (iii) and (iv).
(i) → (iii). It follows from Lemmas 3.1, 3.2 and 3.4.
(iii) → (iv). It is proved in Theorem 2.8.
(iv) → (i). Trivial. 
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